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ABSTRACT 


Let S be a discrete semigroup. A left invariant mean on the 
Banach space m(S) of bounded real-valued functions on S with the 
sup norm, is a positive element of norm one in the dual mts) of 
m(S), which is invariant with respect to all left translations on 
m(S) by elements of S . When m(S) has a left invariant mean, we 
say that S is left amenable. In this thesis we present two sets 
of results on left amenable semigroups. 

The first set, contained in Chapter II, is concerned with 
determining a lower bound for, and in some cases exactly, the dimension 
of the set of left invariant means (denoted by dim <M2(S)>) when S 
is left amenable. Theorem: If S is left amenable, then 
dim <MZ2(S)> =n < © if and only if S contains exactly mn disjoint 
finite left ideal groups. This result was proved by Granirer for S 
countable or left cancellative. Moreover, when S is infinite, left 
amenable, and either left or right cancellative, we show that 
dim <M2(S)> is at least the cardinality of S . An application of 
these results shows that the radical of the second conjugate algebra 
of £,(S) is infinite dimensional when S is a left amenable semi- 
group which does not contain a finite ideal. 

The purpose of the second set of results, comprising Chapter III, 
is to settle two problems. The first is Sorenson's conjecture on 
whether every right cancellative left amenable semigroup is left 
cancellative. The second, posed by Argabright and Wilde, is whether 


every left amenable semigroup satisfies the strong Félner condition. 
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We first show that these two problems are equivalent, then prove 
that the answer to both questions is no, through analyzing the semi- 
direct product of semigroups in relation to amenability and 
cancellation properties. Various other properties of semigroups 
satisfying the strong Félner condition and a subclass of such 


semigroups (called left measurable semigroups) are also discussed. 
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CHAPTER I 


PRELIMINARIES 


I.1. Introduction 


Let S be a discrete semigroup, and m(S) the Banach space of 
bounded real-valued functions with the sup norm. For each s€S_ we 
define a linear operator £ [rg] on m(S) by L f(t) = f(st) 

[r f(t) = £(ts))]) "for tee S land) fe m(S)®. eAtmeanjon m(S)) is 

a positive element of norm one in the dual NG of m(S) . We 
say that meen (s)e is left [right] invariant if ul (£)) = u(f) 
[u(r (£)) = u(£)e for! each £°€%m(S))) and® ste.S se tLet® MZ(S) 
[Mr(S)] denote the set of left [right] invariant means on m(S), 
and <M(S)> [<Mr(S)>] denote its linear span in ms) . When 
there exists a left [right] invariant mean on m(S), we say that § 
is left [right] amenable. Furthermore, when S is both left and 
right amenable, we say that S is amenable. 

This subject originates from a result of Banach in 1923 [2], who 
showed that there exists a mean on the bounded real-valued functions 
on the integers which is invariant under all translations, i.e. the 
group of integers under addition is amenable. This contrasted the 
result of Hausdorff in 1914 [20], who showed that there does not exist 
any mean on the bounded real-valued functions on the sphere in three 
dimensions, which is invariant under all rotations. In 1929 
von Neumann [30] studied invariant means on m(S) for S a group, 


and proved several basic combinatorial results about the class of 
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amenable groups. Extensions of some of these results to left amenable 
semigroups were obtained by Day [7] and Dixmier [9]. The first com- 
prehensive discussion of the properties of left amenable semigroups 
was given by Day in 1957 [7], who also gave a survey of further 
results in this area in 1969 [8]. Two other general references on 
amenability are Hewitt and Ross [21, Section 17] and Greenleaf [19]. 

This thesis is basically composed of two sets of results on 
amenable semigroups. The first set, contained in Chapter II, is 
concerned with determining a lower bound for, and in some cases 
determining exactly, the dimension of <M£(S)> when S is left 
amenable. The purpose of the second set of results which comprises 
Chapter III, is to settle two problems; the first being Sorenson's 
conjecture on whether every right cancellative left amenable semigroup 
is left cancellative, and the second, the question posed by Argabright 
and Wilde of whether every left amenable semigroup must satisfy the 
strong Félner condition (SFC). We are able to show that the answer 
to both of these questions is no. 

The thesis is organized as follows: 

Chapter I contains some basic definitions and results that will 
be required. 

In Chapter II we begin by describing previous results on the 
dimension of <M2(S)> (denoted by dim <M£(S)>) obtained by Day, 
Luthar, Granirer, and Chou. In Sections II.2 and II.3 we investigate 
the structure of left thick subsets of left amenable semigroups. 

This technique leads to the proof of the main theorem (2.4.4) of 
this chapter, which extends the same result proved by Granirer in 


1963 [14] for countable or left cancellative semigroups. Theorem 2.4.4: 
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If S is left amenable, then dim <M2(S)> =n < © if and only if 

S contains exactly n disjoint finite groups which are left ideals. 
Moreover, we are able to show that when S is infinite, left amenable, 
and either right cancellative or left cancellative, then the dimension 
of <Mt(S)> is at least the cardinality of S$. An application of 
these results shows that the radical of the second conjugate algebra 
of £, (8) is infinite dimensional when S is a left amenable semi- 
group which does not contain a finite ideal (Theorem 2.5.1). After 
exhibiting various examples in Section II.7, Chapter II concludes with 
some comments on the limitations of using this type of method to 
determine the exact size of the dimension of <ML(S)> ._ 

The introduction in Chapter III gives the history of Sorenson's 
conjecture, and Argabright and Wilde's question of whether all left 
amenable semigroups satisfy SFC. We then show in Section III.2 that 
these two problems are actually equivalent; this result follows 
directly from Theorem 3.2.2 which completely characterizes the semi- 
groups which satisfy SFC, as those left amenable semigroups whose 
right cancellative quotient semigroups are left cancellative. Then 
in Section III.3, we prove that the answer to both questions is no, 
through analyzing the semidirect product of semigroups in relation to 
amenability and cancellation properties. In Section III.4 we investi- 
gate some of the properties of semigroups satisfying SFC, and in 
Section III.5 we include some analogous results obtained by Sorenson 


for left measurable semigroups. 
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I.2 General properties of left amenable semigroups 


For any subset A of a semigroup S, and se€S, we define the 
sets sA = {st : A} = : ma Es : 
s Ste etuceAl weAsE= = tom etecoAl 4 © Guay =m PactG 1s wetee val 
-1 
and As = {t €S: ts € A}. The cardinality of A is denoted by 
|A|, and its characteristic function by Xa» i.e. Xa ¢s) ep. als 
s éA and Xa 6s) =o 0 boi tees ¢ Aa. 


Notice that if S is left amenable, then for any u € MQ(S), 


ACS, and s€¢S we have u(x | ) = u(x,) since fx, = x 


s A aay 


1 since 


Thus for each s € § we have U(X.) 


1= u(x.) > uCx,6) = a ea = u(xg) = 1. From this, it is 


easy to see that in a left amenable semigroup, the intersection of 
finitely many right ideals is always non-empty. 

The class of left amenable semigroups includes all finite groups, 
solvable groups, and abelian semigroups (for proofs see Greenleaf 
[19, Chapter 1] or Hewitt and Ross [21, Section 17]). As examples of 
semigroups which are not left amenable, consider a free semigroup on 
more than one generator, or any semigroup S with |s| > 1 and the 
multiplication st = s for all s,t €S . Since both of these semi- 
groups contain disjoint right ideals, they are not left amenable. 
Von Neumann showed that any free group on more than one generator is 
not left amenable; for a proof of this see Greenleaf [19, Ex. 1.2.3] 
or Hewitt and Ross [21, 17.16]. Undoubtedly the most fundamental open 
problem remaining in the study of amenable groups, is the question of 
whether every group which is not amenable contains a free subgroup on 


two generators (see Day [8, p. 12]). 
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Homomorphic images and directed unions of left amenable semi- 
groups are left amenable. Also, any subgroup of a left amenable 
group is left amenable. However, a subsemigroup of a left amenable 


group need not be left amenable (see Hochster [22]). 
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I.3. The right cancellative quotient semigroup 


A semigroup S is said to be right [left] cancellative if 
whenever rs = ts [sr = st] we have r=t . We define a relation 
R on any semigroup S by sRt for s,t €S if there exists 
x €S with sx =tx. If the intersection of finitely many right 
ideals of S is always non-empty (as is the case when S is left 
amenable), then R is an equivalence relation, the set S"' of 
of equivalence classes is a right cancellative semigroup under the 
induced multiplication, and the quotient map 1: S-—S' isa 
semigroup homomorphism. A detailed discussion on this relation R 
is found in Granirer [15, p. 371]. When S" exists, we will refer 
to it as the right cancellative quotient semigroup of S . Notice 
that if S is left amenable, then by Proposition 1.2.1 the semigroup 


S' ius also left amenable. 
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I.4 Left thickness and left amenability 


Let A and B be subsets of a semigroup S . Then A _ is said 
to be left thick in B if for every finite subset FCB, there 
exists se€eS such that FsCA. Notice that left thickness is a 
transitive property, L.e. af Al is@lett thick in 8. “and 88 45 
Pentethicke in, CG, then =A ais lettechick in © . 8 Wnen @ subset is 
left thick in the semigroup itself, then we refer to it as a left 
thick subset of the semigroup. Clearly any left ideal of a semigroup 
is a left thick subset. 

The definition of left thickness is due to Mitchell, who gave 
the following characterization of the left thick subsets of left 


amenable semigroups in [25, Thm. 7]. 


Theorem (Mitchell): If S is a left amenable semigroup, then a 
subset A is left thick in S if and only if there exists 


u € M2(S) with U(X) = Lee 


Notice that this shows that every right ideal of a left amenable 


semigroup is a left thick subset. 
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CHAPTER II 


ON THE DIMENSION OF LEFT INVARIANT MEANS AND LEFT THICK SUBSETS 


II.1 Introduction 


It is natural to look for conditions which determine the dimension 
of <M2(S)> when S is left amenable. The first results in this 
direction were given by Day [7, p. 535], who proved that infinite 
solvable groups, infinite amenable non-torsion groups, and infinite 
locally finite groups, all have more than one left invariant mean. In 
[24, p. 43], Luthar showed that a commutative semigroup has a unique 
left invariant mean if and only if it has a finite ideal. Continuing 
the search for conditions that <Ml(S)> be finite dimensional, 


Granirer [14, p. 32] proved the following theorem: 


THEOREM (Granirer): If S is a countably infinite left amenable 
semigroup, then dim <M2(S)> =n < © if and only if S contains 


exactly n disjoint finite groups which are left ideals.! 


Except for the case where S is left cancellative [14, p. 49], 
Granirer was unable to drop the countability condition; he was only 
able to replace it by a slightly weaker one (see [14, p.44]). 

When S is an infinite left amenable semigroup with cancellation, 
Chou has proved [4] that dim <M2(S)> seh . Sis, where © denotes 
the cardinality of the continuum, and |s| the cardinality of S. 
Later Chou [5], using an idea of Kakutani and Oxtoby in [21, §16], 
gas 


was able to prove that dim <M2(S)> = when S is an infinite 


amenable group. 
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In this chapter we investigate the structure of the left thick 
subsets of infinite left amenable semigroups, and use this to obtain 
lower bounds for the dimension of the set of left invariant means. 

By this method, we are able to prove Granirer's theorem without the 
countability condition, and hence prove Luthar's result for all left 
amenable semigroups. Another easily obtained corollary is that if 

S is amenable (both left and right) and dim <M2(S)> is finite, 
then dim <Ml(S)> = dim <Mr(S)> = 1 (i.e. S has a unique invariant 
mean). This generalizes another theorem of Granirer [15, Thm. 1] 

who proved the above proposition under the additional hypothesis that 
dim <Mr(S)> be finite. Our techniques also yield that if S is 
either right cancellative or left cancellative as well as infinite 
and left amenable, then dim <M(S)> Pes) ; 

In Section II.2 we begin by noting (Remark 2.2.1) the relationship 
between coliections of pairwise disjoint left thick subsets of a semi- 
group S and dim <M2(S)> . We then introduce the concept of strong 
jeft thickness for subsets of S . Theorem 2.2.2 illustrates how this 
concept is related to obtaining "large" collections of pairwise dis- 
joint left thick subsets in S . This section concludes with some 
specific results for right cancellative semigroups. 

In Section II.3 we define uniform left thickness, and give an 
equivalent characterization in terms of the behaviour of left invariant 
means on the characteristic functions of subsets of S with smaller 
cardinality than S (Proposition 2.3.1). 

Our main result giving a lower bound for dim <Ml(S)> is found 


in Section II.4 (Theorem 2.4.1) as well as the generalizations of the 
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theorems of Granirer and Luthar (Theorem 2.4.4, Corollaries 2.4.5 and 
2.4 .0)%. 

Section II.5 gives an application of the results of Section I1.4 
to the radical of the second conjugate algebra m(S)" 5 Ub Rye eateyey igh y 
we look at thickness properties for left cancellative semigroups, while 
Section II.7 is devoted to examples. Section II.8 considers the 


limitations involved in using our techniques to find the exact size 


of MQ&(S) 
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II.2 Strong left thickness and collections of pairwise disjoint 


left thick subsets 


REMARK 2221 oe Lt Ue >: y € T} is a collection of pairwise 
disjoint left thick subsets of a left amenable semigroup S, then 
by Mitchell's theorem (see Section I.4) for each y € TI we can 


choose WW e€ M2(S) with WOK, Ves le lhis set {uy sy € Tr} lof 
Vf 


left invariant means on S is linearly independent. In fact if 
n 


Rais = 0 for some {uys+-+su} Si : y €T}, then for 


n 
j =1,...,n we have a, = ‘ as (Xp ) = 0. Thus we are interested 
i=1 j 


in finding collections of pairwise disjoint left thick subsets of S. 
We say that ACS is strongly left thick if for each BCS 
with |B] < |A|, the set A\B is left thick in S . Although every 

semigroup is obviously left thick in itself, it is easy to find 
examples of left amenable semigroups which are not strongly left 
thick. Consider finite groups for instance, or left amenable semi- 
groups which contain a right ideal of smaller cardinality. An example 
of this last type is given in Section II.7 (Example 2.7.3). 

The following theorem shows that strong left thickness is a 


useful property in determining lower bounds for the dimension of 


<MCCS) 2% 


THEOREM 2.2.2. A subset ACS is strongly left thick if and only if 
there exists a collection {D, : y € Tf} of pairwise disjoint subsets 


of A, which are left thick in S, such that |r| = |A| 


. 
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Proof: Suppose A is stronelyelettathicko ete Awets finite. 
then for each aeéA we have {a} =A\ (A \ {a}) is left thick in 
Saehence {al - arcs} | is®thetdesired@cel lection. mirhvs we may 
assume A is infinite. 

Let w be the first ordinal with |w| = |{a : a < w}| = |[al. 
Write A= {a :a<w} and let A, = Lo eceChsas wattegl sep gu. 


B 


Using transfinite induction we construct a family 


{tig py : 1<8< uw, F a finite subset of Aa} 


with the following properties: 
Che rt GrAy stor each tinite: beGAy.. wheres 1 <p <u 


eet ia Et : finite FCA} if 1<8 <u. 


(BSF) 
Then XB X. =o) ScOtM el ece Der Om— War 


A. {a} and since A is left thick, there exists t € S 


such that at eA. Let Cian) = Cees 
Suppose we have constructed a family {t¢. F) Fak Sis Ss 15 


BE finite CA} satisfying (i) and (ii), where 1< 6<w. Let 


Y =U{X, : 1 a6 <90}) sand let |6|)edenote |{asr a6< 6) | 45 af 
| S| iS tinite,ethen XY is a finite union of finite sets so 


ly| < |A| . If |6| 4s infinite, then IX, | SUIS Wyse a3 << toe 


and we have |Y| So lele aS <e| Alem ciucegedua We. eaThuse| Vj ucala| 


in elther case, hence A\ Y is left thick, and so for each finite 


subset FCA we can choose C3 F) € S_ such that PO esa = ANY wee 
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Let I = fy : 1 < y < w} . Choose a 1-1 correspondence 
te ee ioe emandacerine rs = T(r x4vhjo for each) y ef 2 “Now 
each ry is cofinal in [I since Ir, = LT, and if Vy # V9 then 
te ae =o. 
petiag vou? 
For each y € YT, define i = U{X, pee ry . Clearly 


{D, : y € T} is a collection of pairwise disjoint subsets of A. 


Since |r| = |w| [Al, it only remains to show that each De is 
Lefttethick in = S).. Since: A» ts Jeftethick: in S, )-lt suffices to 
show that nh is left thick in A. Let F bea finite subset of 
A. Then for some 8, we must have F CuARD and since Ay is 
cofinal in [ we may assume 8 € “a - Now FE exenaby Xe ay and 
we see that Bh is left thick. | 

Conversely, let {D, : y € T} be a collection of pairwise dis- 
joint subsets of A, which are left thick in 5S, _ such that |r| = |A|. 
Suppose BCS with |B| < |A| “Since: 15 | |B, there exists 
yee © with. Bb Or, =>. Then BAS ANB §s0 8 AGN Bb as aertatnick. 


which finishes the proof. 


Next we show that every infinite left amenable semigroup with 
right cancellation is strongly left thick. In Section II.6, we will 
see that this remains true when right cancellation is replaced by 


left cancellation. First we need the following lemmas: 


LEMMA 2.2.3. If B and C are subsets of an infinite semigroup 
S with right cancellation such that |B | < |s| and |c| < |Si,) then 


there exists s€S with BM\sC=$o. 
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Proof. If not, then for each s€ SS we can find a pair 
(b . 5c.) CabexeCesucn that db = sc. If s #t, then 
(b. 5c.) # (b, »¢,) since otherwise we would have 
BCree bs = by = te, SaCCe: and hence s =t_ by right cancellation. 
Thus |B x C| 


i] 
oe 
2 

Vv 
mS 


which contradicts |B| < |s| and 


|c| < |s| since $ is infinite. 


LEMMA 2.2.4. If B is a subset of an infinite semigroup S 
with right cancellation such that |B| < Heys then there exists a 


sequence {s_} CeSewith sBA\s B= for n #m. 


Proof. Construct the sequence {s_} by induction. Choose 


8, € S arbitrarily. If we have constructed Syoree eS. such that 


SB) oh =@ for 1<i<j<n, then by Lemma 2.2.3 we can find 


s € S_ so that s 412 \ (8,8 erate s_ 8) = >, since 


nt+1 


s,BU...U s Bl < |s| . 


PROPOSITION 2.2.5. If S is an infinite left amenable semigroup 
with right cancellation, then for each BCS with |B| < |s| and 


for each uw € ML(S) we have u(Xp) = 0). 


Proof. By Lemma 2.2.4 there exists a sequence {s_} with 


s_B \s 8B = EduplOLe ney te hus ls = U(Xe) a HOB? . For 


each n_ we have L, Xe B 


> Xp and so U(X, B? = ul. x B > U(X,) 
n on n = 


s_ “s 
n 
Hence u(xX,) = 0. 


COROLLARY 2.2.6. If S is an infinite left amenable semigroup 


with right cancellation, then every left thick subset A is strongly 
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Proof: Choose u € M2(S) so that u(X4) Bp leven fay BeCuS 


with |B| < |A|, then WX ¢q \ py) 2 CX) - uy) = 1. Thus 


ADE Bemiselefttsthick. 


II.3 Uniform left thickness 


In this section we examine another thickness property for semi- 
groups. We say S is uniformly left thick if |A| = |s| for every 
left thick subset ACS. As a corollary to the next proposition, 
we see that for infinite left amenable semigroups, uniform left 


thickness implies strong left thickness. 


PROPOSITION 2.3.1. An infinite left amenable semigroup S is 
uniformly left thick if and only if for each BCS with |B| < |s| 


and for each wu € ML(S) we have u(x) =O. 


Proof. Suppose S is uniformly left thick, BCS with 
[B| < |s|, and wp eMe(S) . Let S"' be the right cancellative 
quotient semigroup of S, and at: S — S' the quotient map (see 
Section 1.3 for definition). If |s'| = |s|, define p' «€ ee 
byaeeaCh)o =u (CE gen )ettor@each *f-eem(S')™. Melt is not difficult to 
show that in fact we have u'€ ML(S') . Moreover | 7 (B) | < sult, 
so by Proposition 2.2.5 we have 0 = u" (XB? ~ UuOG(B) om) > 
H(xg) 20. 


Thus we may assume that RSE < | s| . For each g€ S' choose 


-1 


t €mnm (g). Let C= see :g€S', beEB}. Since S is infinite, 


|c| < |s| Le u(Xp) SOs thenepG sis Left thicksin go. borsee 
this, we first show that for any finite set FCS, there exists 
u €S such that Fu = {tu : geu(F)} . It is easily seen by 


induction on |F|, that for each g € m(F) there exists te es 


-l 
with (FA T (g))Ju, = eae . Now choose u &€ gentk) us . Then 


Fu = ueu vareece iN (i) amma u(xp) > 0, then Bf\uS # > since 
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U(X 9) = 1. Therefore we can find sé€S so that us€ B. But 

now Fus = {tus igs Con (E)liC Cie sHencems Cltisuleft thick. «Since 

S is uniformly left thick and |C| < |s|, we must have u (Xp) =e, 
Conversely 1fefor cach) B CoS with |B| < | s| we have 

u(xp) = OF efor;all e€ MU(S)S" thentclearly 8B “is not left thick 


aig, oS) 


COROLLARY 2.3.2. For infinite left amenable semigroups, uniform 


left thickness implies strong left thickness. 
The proot is identical to that of Corollary 2.2.6. 


COROLLARY 2.3.3. Every infinite left amenable semigroup with 


right cancellation is uniformly left thick. 
This follows immediately from Proposition 2.2.5. 


REMARK 2.3.4. The above proposition fails when we allow S_ to be 
finite. Suppose S is a finite group. Then its only left thick 
subset is the group itself; so S is uniformly left thick. However, 
if wu is the unique left invariant mean on S, then 

i 


u(xg) = [BI[s] #0 if B# 6 


In Section II.7 we give an example of an infinite left amenable 
semigroup which is strongly left thick but not uniformly left thick. 
Since most of the proof of Proposition 2.3.1 is devoted to the case 


where |s'| < Is, an example of a uniformly left thick infinite left 


amenable semigroup S with (se |s| is also given in Section II./7. 


In view of Proposition 2.3.1, it is interesting to note a similar 


reformulation of strong left thickness for left amenable semigroups. 
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PROPOSITION 2.3.5. A left amenable semigroup is strongly left 


thick if and only if for each BCS with 


ué M(S) with u(xp) = 0. 


[3] < [s| 


there exists 
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II.4 A lower bound for dim <M@(S)> 


We define the width of a semigroup S, denoted by W(S), as 
W(S) = sup{|A| : A is a strongly left thick subset of S} . Now we 


are ready to prove our main result. 


THEOREM 2.4.1. If S is a left amenable semigroup which contains 


no finite left thick subsets, then dim < M(S)> > W(S) BAIN : 


Proof: That dim <M0(S)> > W(S) follows immediately from 
Theorem 2.2.2 and Remark 2.2.1. Thus we need only show that S 
contains an infinite strongly left thick subset. Let A bea left 
thick subsemigroup of S_ so that [A| is minimal. Clearly A is 
infinite, and also uniformly thick since if BCA is left thick 
inee Ase with |B| < |Al, then the subsemigroup generated by B is 
left thick in S, and has cardinality less than A. Since A is 
left thick in S, the semigroup A is left amenable. Thus by 


Corollary 2.3.2, A is strongly left thick. 


REMARK 2.4.2. Even when S contains no finite left thick sub- 
sets, we may have W(S) < |s| (see example 2.7.3). 

With the help of this theorem, we proceed to give a proof of 
Granirer's theorem without the countability condition, and then the 
generalization of Luthar's result, as mentioned in Section II.1. For 
this we need one more lemma. 

We use the term left ideal group to signify a group which is also 


a left ideal in SS. 


LEMMA 2.4.3. If a left amenable semigroup S contains a finite 
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left thick subset, then S contains a finite left ideal group. 


Proof: Suppose AC S§ is a finite left thick subset. The 
left ideal Sa is finite for some a€ A, since u(X,) = 1 for 
some wy € ML(S), implies u(Xy ay) > 0 for some aéA. Choose 
tee socesuchathat @St is) finite, awith | st | minimal, and let 
C = St. It is easy to check that C is right cancellative, and 


since C is also finite and left amenable, C is a finite group. 


THEOREM 2.4.4. A left amenable semigroup has dim <M£(S)> =n < ~ 
if and only if S contains exactly n disjoint finite left ideal 


groups. 


Proof: In [14, p. 34], Granirer proved that if S contains 
exactly n disjoint finite left ideal groups, then dim <M2(S)> =n. 
Now suppose dim <M2(S)> =n < © . The semigroup S must contain 
some finite left ideal group since otherwise Lemma 2.4.2 and 
Theorem 2.4.1 show that dim <M2(S)> is infinite. S cannot contain 
infinitely many disjoint finite left ideal groups since by Remark 2.2.1, 
that would again imply that dim <M2(S)> is infinite. Thus S 
contains exactly m disjoint finite left ideal groups for some 


finite number m, and by Granirer's result, we see m=n. 


COROLLARY 2.4.5. If S is a left amenable semigroup, then 


dim <M0(S)> is finite if and only if S contains a finite two-sided 


ideal. 


Proof: If dim <M@(S)> =n < ©, then S contains exactly n 


disjoint finite left ideal groups, say Ayoree oA, Fe TA Gers SUap,, 
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Granirer shows that Uta, >: i =1,...,n} is a finite two-sided ideal. 
If A is a finite two-sided ideal of S, then for each 
u € M2(S) we have U(X) = 1, and hence dim <M0(S)> = dim <Mf(A)>, 


which is finite since A is finite. 


COROLLARY 2.4.6. If S is an amenable (both left and right) 
semigroup with dim <M2(S)> =n < ©, then S contains a finite group 
which is a two-sided ideal, and hence dim <M0(S)> = dim <Mr(S)> = 1 


(i.e. S has a unique invariant mean). 


Proof: As shown in Corollary 2.4.5, S contains a finite two- 
sided ideal A which is the union of n disjoint finite left ideal 
groups. By the footnote 1 (p. 52) we see that A is left cancellative. 
Since A is also right amenable and finite, A is a finite group. 

Let wp é mC Sie be defined as u(f) = [alee Mi flayes awe Ape ee luen 


ME(S) = Mr(S) = fad; 


Theorem 2.4.4 is proved by Granirer for S countable [14, p. 32], 
or S left cancellative [14, p. 49]. Moreover, he proved Corollary 
2.4.6 for these cases [14, p. 46], and also for the general case under 
the additional assumption that dim <Mr(S)> be finite [15, Thm. 1]. 


Corollary 2.4.5 was proved by Luthar [24, p.43] for S commutative. 


vedi a : 
ol . ree 
_ ae ee 


1A, tah RAS snk cet . 
oe inal ee) 


(i4edy Ane 68 Gond) eseAnSen oe ai so “ aok@ 


wie Slat a ecielton 2° nats m= 6 ec ate ates 


pm wer hyp « 21a) nab ecand Nam tae seein Oak 
cow sep tewent pupae w chet & eR Ty 
7 : 


m7 bvind Ss b eit oSHas 7 ’ rilore? ae ab vives | 7" 
etndd aodut cng 64. ai nade .4 —_— ms 

ave We FOOL s » 440) =eb. oe (242 Ct) 2 prea) on 
dubi@ STiRi2 ¥ 61 aileni tye a)A yas or a a3 
wort tg wet biG Fob) Stee vel ankiten ot “tide # ae 
ia = give «: : 
. bi sidssmsien §) vet aetie vt et Siveny a> oh eae - 
pallu io fererg eh, waectoli {00 Se 4d) optsallessed tel) ‘ 


TU ee ae ai iq iwe » (4 Vay, Of) weeks een Vet 


- - 
eo 
Af sat tase al o'S)eP lb Cell ee egeee ee : 


Wivedveas wi lit qo yt e wel bah Sh BVORS nde Cre 


22 


II.5 An application to the radical of the second conjugate algebra 


k 
m(S) 


Let £, (8) be the space of real-valued functions 6 on S_ such 
* 
that E{|e(s) | 7 SxeuS) dis sfinite, = Form. em(S) and fe m(S), we 
rs 
debine aves sfserm(S) “by =v * £(s)) = v(4_f) - NOW fOr = tv Ee m(CS)e, 
* 
the Arens multiplication on m(S) is defined as up * v(f) = uv * £f) 
* 
for each f e m(S) . Under this multiplication m(S) becomes the 


second conjugate algebra of £,(S) (for more details see Day [7, p.526]). 


THEOREM 2.5.1. If S is a left amenable semigroup which contains 


# 
no finite ideals, then the radical J of m(S) is infinite dimensional. 


Proof: Using an ideal of Civin and Yood (see [6, pp. 849-850]), it 
can be shown that Mf(S) CJ + yu for any pe Ml(S) . Since ML(S) is 


infinite dimensional by Corollary 2.4.5, the radical J must be also. 


* 

Granirer used the same proof to show that the radical of m(S) 

is infinite dimensional when S is a commutative semigroup without 
finite ideals (see [15, p. 378]), and also when S is an infinite left 


amenable group (see [14, p. 48]). 


COROLLARY 2.5.2. Let S be a left amenable semigroup and suppose 
* 
the radical of m(S) is finite dimensional. If S is either left 


cancellative or right cancellative, then S is finite. 


Proof: By Theorem 2.5.1, S contains a finite ideal A. Now for 
any aéA, we have aSUSaCA. If S is either left cancellative 
or right cancellative, then |s| < |as U Sa| Sealy and we see that S&S 


is finite. 
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REMARK. This result is already known for the left cancellative 
case (Granirer and Rajagopalan [18]). It is unknown whether it still 
holds when the cancellative properties of S$ are dropped. However, 
the following example shows that the condition that S be left amenable 
and contain a finite ideal is not enough to ensure that the radical of 


* 
m(S) be finite dimensional. 


EXAMPLE 2.0.5.4 ).lete. Sax {s_ sony=40,,2 44. -eewithethe multipii— 
cation By =5e toneall’ sie4 #2 al hens ire mCShe defined by 
u(f) = f(s.) for each f € m(S), is the unique left (and right) 
invariant mean on S, and {s} is a finite ideal in S . For each 


x 
n>1, define o, em(S) by o,f) = f(s...) - f(s) for each 


ntl 
f € m(S) . Now the set {¢ :n=1,2,...} is linearly independent 
in sae and for any v & ey we have v * ie 2 * y = 0 for 
éachan |. s/lhus {$ futher} Co). mand shencessJ’ esaintinite 
dimensional. 

A further illustration that the radical J of ne may be 
much larger than the ideal A = {uy - Uy t Uys, € M2(S)} is given 


by Civin and Yood in [6, Theorem 3.5], where they show that s/s 


is infinite dimensional when S is the additive group of integers. 
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II.6 Thickness properties for infinite left amenable semigroups with 


left cancellation 


The purpose of this section is to show that every infinite left 
amenable semigroup with left cancellation is strongly left thick. In 


order to do this, we first prove some preliminary lemmas. 


LEMMA 2.6.1. If B and C are subsets of an infinite semigroup 
S with left cancellation, such that |B| < |s| and elle |s|, then 


there exists s¢€S with BN Cs=96. 


Proof: Replace right cancellation by left cancellation in the 


proof of Lemma 2.2.3. 


* 
Given sé€S and ue€ MC(S), define € m(S) by 


(3) 
Hog) SE) = u(r .f) for each f € m(S), where r f(t) = f(ts) for 
té€S. It is easily checked that HO) € Mt(S), and that for each 


AS 6 
ACS, we have Hog) ag) ce, aw) 


LEMMA 2.6.2. If S is an infinite left amenable semigroup with 
left cancellation and BCS with |B| < oie then there) exists 4a 
foe) 
sequence {y_} C M2(S) _ such that ) LCN) one Lene 
n ner Be 


Proof: Using induction, we construct sequences {Uy sHooeee} Cc ML(S) 


and {85 ,S35+++} © § with the following property: 


Sune BsS,--+S_) 
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ae). DAE) 15th TH 08 wrote 98/9) 
| alsbei ret clyagtas of (oletinne 


(CAL SL £9 TH nilodhe aa | a 
qwmrig! 244 1falwmar® a. breeww Cte Pe tute S « i 


ina 3 4 ils a iaags aoge pt aL Awonmen: 
,°en yd (ni 268 


pis pF eop allevas sdal ~ cnGatlocmey SATO epebgel i tedet 
-(,S.5 oames t¢ 


j a4 ait i. iieen mien’, as lore w ® ® eerie 7 


> 


a 
jos he v8 vo“ iSite a-b $41 (PO. ere «¢ 7 

| | ae 
‘ - v 7 . - 
(cim Ma we (Vis 4. Meti donne babe a) at) a 


1@) 
> 


aad ai 'falm ore ww ; F. 


ies Auimaiabe obinvebe D1e) Geib wn 60a! oe ee ee 


sige a afl S "94 « ot @ne @etaey hy 


te ey Fume, ts a 
@\) re Q; 


Ve) i agrnypse> 2% or i ee ee ‘aa 


_ 
iestaasy Aerial OF2.astw .« 7) 7 


PAGE CY 9) ge Saggie 5m 
gety’ > > Nigh) 6 ah 4 t 


hl guns! ues We Tama tak past 44s Vattinn 


P59) 


1) implies that 1 = 
(i) imp a WX) ae ICES) orale AOR) ae con be (xg) for 
each n. Choose Hy € M2(S) arbitrarily. By Lemma 2.6.1 we can 


Sindieen ceo ewLthe Ben = : = i 
9 W Bs, ) Let Uo H1(s,) as defined above. 


If we have £ re B08 
constructed {uy > Hat and {s,, Si} for 
some n> 3, then by Lemma 2.6.1 we can find s, with 
Beale (Bavebse a) B ror 4 ae = le = 
( n nei U bie err en ¢ Let ae "a-1(s_) 


Then we have 
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PROPOSITION 2.6.3. If S is an infinite left amenable semigroup 


with left cancellation, then S is strongly left thick. 


Proof: Let BCS with |B| < |s| . By Lemma 2.6.2 we can find 


oo 


a sequence {uo} Cc M£(S) with ) HW (Xp) <1. Clearly we must have 
n=1 


lim U(X) =0. Since M2(S) is weak*-compact, we can find a subnet 
n-<o 


(uy) of {ui} which is weak*-convergent to ves MCCS) ae Then 


u(x.) = 0, so U(X ¢g . 5) = 1 and hence S\B is left thick in S. 


REMARK. Although every infinite left amenable semigroup with 
right cancellation is uniformly left thick, this does not remain true 


when right cancellation is replaced by left cancellation (see Example 
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II.7 Examples 


The first three examples are special cases of the following 
general type of left amenable semigroup. If S is a lattice (a 
partially ordered set in which every finite set has a supremum and 
an infimum), then a multiplication can be defined on S_ by 
ab = sup{a,b} for a,b€ S$. This operation is commutative and 
associative and hence S is a left amenable semigroup (S is even 
extremely left amenable, i.e. m(S) admits a multiplicative left 
invariant mean, see [16]). We call this operation the sup multipli- 
cation.» Avsubset) A CoS (1s left.thick ings.) 1) and only if. A 


iG} @@perso il wey 


EXAMPLE 2.7.1. A left amenable semigroup containing no finite 
left thick subsets, which is strongly left thick but not uniformly 
left thick. 

Let S be the real numbers under the sup multiplication. The 
set of integers is left thick in S; hence S is not uniformly left 
thick mel feeb ces swith S ~“ Be not Wert) thick, then thesinterval 
[a,~) is contained in B for some a €S, and we have |B| = |s| 


Thus S is strongly left thick. 


EXAMPLE 2.7.2. An infinite uniformly left thick left amenable 
semigroup S which is extremely left amenable. In particular 
(Socal Slee. 

Let S be the integers under the sup multiplication. Obviously 
S is uniformly left thick since every cofinal subset is infinite. 


Also |S'| = 1 since for each a,b € S there exists c¢€S with 


ac = be. 


dso aod Ghene b is oT] 


#) ened « a © 3T rel ni 


bec mie tue ‘ ap? Sah 4r0ead ters iad py 
. 


wi 62 Ay peidjen' 2” fas aidan tn baba s 
a 
ure >) ee et feegedea emir sa-@ sec we ~ dy 


na’ s ~s 2) We eae Ai 24@AraG tat a @! € ean wa eh 


—_ P 


ead t44 hut ' id 2.) - eidempae Pa! ef 73m8 
i 


= 


=-{ fy iis aly V2t4nNehi AJ 1185 i qy “of = , ie ‘SoS be 
es, 
fe eGn Mt gf ipef ah £2 A. eedue 6 eRe 


oth & Sa 


ji gal tag Derr i oTk.aare Teun 7. ~ m7 TAT. raters 


oy sult dit Lah ids. Jel Manors e of 49TR (ROR aytit 2 
; y - ae 
- ae 
syilqiaiem aye 43° Votes Qrotern Leos edt SEP tod: 
(ion 6 Tire) teu OF Siust 36 gh. aeiwg 2000 a4 CL en 
toe cs? obras Mba eel foo 2 ale CDH B 


pag, 28; ‘oe tha (5 2 8 omen a & of beeteged aff 
x 


dof sited eienotye ob 


eidarane Sivl Udivy tte! efi Alto stilted Ga .t64.8 
7H Lek 2 ay ht 8, Scahmapa Sed “bpnwrare eis ivage 
ew ae oa, 


Beran “9 ssi i ” pol 400: us 


as ‘ ' ene a 


EXAMPLE 2.7.3. A left amenable semigroup containing no finite 
left thick subsets, which is not strongly left thick. 

Let S_ be the union of the interval [0,1] with the natural 
numbers IN under the sup multiplication. S has no finite left 
thick subsets since every cofinal subset is infinite. Since [N| S iSts 
and SNN is not left thick, S is not strongly left thick. 

Since N is a right ideal of S, it is natural to ask whether 
every infinite left amenable semigroup, which is not strongly left 
thick, contains a right ideal of smaller cardinality. As far as we 


know, this question remains unanswered. 


EXAMPLE 2.7.4. An infinite extremely left amenable semigroup S 
with left cancellation, which is not uniformly left thick. As in 
Example 2.7.1, S is strongly left thick, but in this case S_ does 
contain finite left thick subsets. 

Let S be any infinite set with the multiplication st = t for 
all s,té¢S$. For each s €S, the set {s} = Ss is left thick, so 
S is not uniformly left thick. S is extremely left amenable since 
for each s € S_ we can define Woe M2(S) by ug (f£) ser (so) meLorsal. 
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II.8 Limitations of our techniques in determining dim <Ml(S)> exactly 


If S is a uniformly left thick infinite left amenable semigroup, 
then the existence of a collection {D, : i € I} of left thick subsets 
Of ees eewith DA D, | < |s| for i #4, would imply dim <M0(s)> seals 
This follows from Proposition 2.3.1, since by choosing HW, € M2(S) with 
pane = 1 for each i€éI, we have Us (%p ) = Pis* (papa = 0 when 
i#j . Returning to the proof of Theorem Noten we see ae such a 
collection can be found if and only if a collection {P. eee Lot 
cofinal subsets of I = {a : a < w} can be found, such that 
eta P| < |r| if i#j . When S (and hence [) is countably 
infinite, such a collection can be found with |1| = ro = (see for 
instance Chou [3, p. 781]). 

This leads one to hope that when [T is infinite, one could always 


i ; 
| | However, when w is the 


find such a collection with |r| = 2 
first uncountable ordinal, the existence of such a collection is in- 
dependent of the usual axioms of set theory.” Thus when S is un- 
countable, this technique cannot be used to obtain a better lower bound 
for dim <M2(S)>. 

A further example of the limitations of using collections of left 
thick subsets to determine the exact size of dim <M(S)> is seen by 
considering dim <M2(G)>, where G is an infinite amenable group. 
Using a technique of Kakutani and Oxtoby (see [21, pp. 215-225]), Chou 
has shown that dim <M£(G)> = 26 in [5]. Since G contains only 


|S distinct subsets, we cannot possibly obtain this result through 


the use of collections of left thick subsets. 
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CHAPTER III 


SORENSON'S CONJECTURE AND THE STRONG F@LNER CONDITION 


III.1 Introduction 


The main objective of this chapter is to answer two questions. 
The first is Sorenson's conjecture on whether every right cancellative 
left amenable semigroup is left cancellative. The second, due to 
Argabright and Wilde, is whether every left amenable semigroup 
satisfies the strong Félner condition (SFC). We begin by showing 
that these questions are equivalent, through characterizing the 
semigroups which satisfy SFC as those left amenable semigroups whose 
right cancellative quotient semigroups are left cancellative. Then 
by investigating the semidirect product of semigroups in relation to 
amenability and cancellation properties, we are able to construct a 
counterexample to Sorenson's conjecture, which also shows that the 
answer to the question of Argabright and Wilde is no. 

Sorenson's conjecture that every right cancellative left amenable 
semigroup is left cancellative arose as a question of John Sorenson, 
who proved the weaker result that every right cancellative left 
measurable (definition in III.5) semigroup is left cancellative in 
his thesis [29, p. 57] (see also [28]). The first discussion of this 
conjecture is found in a paper of Granirer [17, p. 108]. 

If this conjecture were true, then for any left amenable semi- 
group S, its right cancellative quotient semigroup S' (see 
Section 1.3 for definition) would actually be cancellative and left 


amenable, and hence could be imbedded in an amenable group (Wilde and 
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Witz [33, Cor. 3.6]). Thus in some sense the study of left amenable 
semigroups would essentially depend on the study of left amenable 
subsemigroups of groups. Further interest in the conjecture arose 
from the work of Argabright and Wilde on the strong Félner condition. 
In [11] Félner introduced the following necessary and sufficient 


condition for a group S_ to be left amenable: 


(FC) For each finite subset F of S and e> 0, there exists a 


finite subset A of S such that |sA \ A| < e|A| for each s € F. 


In his thesis [12] Frey showed that every left amenable semigroup 


satisfies FC; however the converse is false since every finite 
semigroup satisfies FC, though not every finite semigroup is left 
amenable. A much simpler proof of Frey's result was given by Namioka 
[26] using the concept of strong amenability (see Day [8, §5]). 
Continuing the search for a necessary and sufficient condition 
of this type for left amenability in semigroups, Argabright and 
Wilde [1] introduced the strong Félner condition (SFC) and showed 


that any semigroup satisfying SFC is left amenable. 


(SFC) For each finite subset F of S and e > 0, there exists a 


finite subset A of S such that |A \ sA| < e|A| for each s é€F. 


Argabright and Wilde also showed that if Sorenson's conjecture 
were true, then every left amenable semigroup would satisfy SFC. 
However, the question of whether every left amenable semigroup must 
satisfy SFC remained open. We will refer to this question as the 


SFC problem. Further discussion on this problem and Sorenson's 
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conjecture in relation to two conjectures of Granirer on extremely 
right amenable semigroups is found in Rajagopalan and Ramakrishnan 
WATS 

In Section III.2 we show that the SFC problem and Sorenson's 
conjecture are equivalent, in other words every left amenable semi- 
group satisfies SFC if and only if every right cancellative left 
amenable semigroup is left cancellative. This result follows 
directly from Theorem 3.2.2 which completely characterizes the semi- 
groups which satisfy SFC as those left amenable semigroups whose 
right cancellative quotient semigroups are left cancellative. 

A counterexample to Sorenson's conjecture is constructed in 
Section III.3 (3.3.5). In fact we exhibit a right cancellative 
amenable semigroup which neither is left cancellative, nor satisfies 
SFC. This shows that the answer to both Sorenson's conjecture and 
the SFC problem is still no, even if we replace left amenable by 
amenable. However, since all the counterexamples we have been able 
to find by our method are infinitely generated, the question is still 
open for finitely generated semigroups. The counterexample is 
obtained via an investigation of the semidirect product of semigroups 
in relation to amenability and cancellation properties. Several 
other examples and results on this topic are included in Section III.3. 

In Section III.4, some properties of the class of semigroups 
satisfying SFC are described, following the work of Day ([7] and 
[8]) on left amenable semigroups. 

Section III.5 describes related results by Sorenson on left 
measurable semigroups, and concludes with a glance at semidirect 


products of left measurable semigroups. 
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III.2 Equivalence of the strong Félner condition problem to 


Sorenson's conjecture 


After a simple lemma, we give a complete characterization of 
semigroups which satisfy SFC in Theorem 3.2.2. One direction of 
this theorem was proved by Argabright and Wilde [1]. From this 
characterization it will be obvious that Sorenson's conjecture and 
the SFC problem are equivalent (Corollary 3.2.3). Further results 


on the class of semigroups satisfying SFC are found in Section III.4. 


LEMMA 3.2.1. Let S' be the right cancellative quotient 
semigroup of a semigroup S . If S' is not left cancellative 
then there exist r,s,t € S with rs = rt but sx # tx for 


each xesS. 


Proof. Since S' is not left cancellative, there exist 
r E = 
Sooty S with re yea ctr y for some y € S, but s\x # tox 


for each x €S. Now let s= Se and t = ty: 


THEOREM 3.2.2. A semigroup S satisfies SFC if and only if 
S is left amenable and its right cancellative quotient semigroup 


S' is left cancellative. 


Proof. Suppose S is left amenable and S' is left cancell- 
ative. Then S' is left amenable since it is a homomorphic image 
of S, and hence must satisfy FC (Frey [12] or Namioka [26, 
Thm. 3.5]). Clearly for left cancellative semigroups, the conditions 
FC and SFC are equivalent, thus S' satisfies SFC. Argabright and 


Wilde showed that this implies that S also satisfies SFC [1, Thm. 5]. 
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This direction of the proof is contained in Argabright and Wilde [1]. 
Now suppose S_ satisfies SFC. Then S is left amenable Like 

Thm. 1], so assume S' is not left cancellative. By Lemma 3.2.1 

Cheregexicts n.s,t) Coe with) -rsl=!rt)  pULY sxi7atx ator eache x eS) ¢ 


By SFC we can find a finite subset AC S_ such that 


1 

JaN ral < sla], [AN sal < dla], and [A tal <Z[A] . Now 
AN s +A > [stan a 2A)! = Ne A) 2|4| since |A \ sa] < =|al, 
and similarly |AN t tal > 2|4| . Thus [AN a t tal > 2|4| 


and hence |A \ (sta al t ta) | < 2A . This implies that 
[s(A \ (aes al t tay) | < Zlal, and since |sA| > 2a we must have 


lan s(t tay] = |s(s tan eta] > sane? 


An tay] > Slal . 
u -1 -1 2 

Rete Baea(A a s(tamA)) U lCAeiittauas) )mameGlearly an8) SS 
We have BCA, and for each y € B_ there exists ye € B \ ty} 
with ry = LN font To see this suppose ye A pS) . Then y = sx 
for some x € S, where txeA he CsmeA) - Let y = tx. Clearly 
Y,¢ Be ve ey, 9 and) ry = ry, by? oun echoice, of £,s, ) and = t). A 
similar argument applies for yé«A/f\ EG . Thus we must have 

iL 

| rB| Soe! . 

Now we see that |rAQ Al Sot ss WeeUASS B)| + | rB| ee (ANB | 

Z 

+ 5[B| = [A| = =(B| < 24 since |B| > sl4| . This shows that 
[AN rAl > =|Al, but A was chosen so that |A\ rAl < =|A ; 


Thus S' must be left cancellative. 


COROLLARY 3.2.3. Every left amenable semigroup satisfies SFC 
if and only if every right cancellative left amenable semigroup is 


left cancellative. 
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Proof. This follows immediately from the theorem above, by 


noting that if S is right cancellative and left amenable, then 


5) = Se 
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III.3. The counterexample, semidirect products and amenability 


For any semigroup U we let End(U) denote the set of endo- 
morphisms of U . We use the notation Inj(U), Sur(U), and Aut(U) 
to denote the subsets of End(U) consisting respectively of injective 
endomorphisms, surjective endomorphisms, and automorphisms. 

Suppose that U and T are semigroups with a homomorphism 
po: T + End(U) . In general we will write Ps for the endomorphism 
p(a) for each ae T. We define the semidirect product of U by 
T (with respect to po) as the semigroup S of ordered pairs 
(a,4) for uc Ur and aeT, with the operation “(uza) (yep) = 
(up , (v) , ab) . It is easy to check that this operation is associative, 


hence S is indeed a semigroup. We write S =U xT, and refer to 


‘ 
U and T as the factor semigroups. 

This product is a natural generalization of the usual semidirect 
product of groups (see Gorenstein [13] for example). Its extension 
to semigroups has already been considered from various aspects 
(Hofmann and Mostert [23, D.4.1], Wells [31], among others), although 
not in the context of amenability as far as we know. 

The counterexample to Sorenson's conjecture is constructed by 
taking the semidirect product of two cancellative amenable semigroups 
in such a way that the semidirect product is right cancellative, left 
amenable, but not left cancellative. In Lemmas 3.3.1 and Jose aang 
Proposition 3.3.4 we assemble the information needed to show that the 
example given in 3.3.5 actually has the desired properties. 


The rest of this section contains other results and examples 
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which examine how amenability of the semidirect product is related 


to amenability of the factor semigroups. 


LEMMA 3.3.1. If U and T are semigroups with a homomorphism 
p: I + End(U) such that p(T) ¢ Inj(U), then S =U is Tats not 


left cancellative. 


Proof. Suppose aeéT and u,v € U with u # v_ such that 


pau) es pv) . Then (u,a) # (v,a) but (u,a)(u,a) = (u,a) (v,a) 


LEMMA 3.3.2. If U and T are right cancellative semigroups 
with a homomorphism p: T > End(U), then S =U x Topiseriehnt 


cancellative. 


Proof. Suppose there exist a,b,c © T and u,v,w € U- such 
that (u,a)(w,c) = (v,b)(w,c) . Then ac = be implies a=, and 


up _ (w) = up, (w) = vp, (w) implies u=v. Thus. (u,a) = (v,b) 


Given a homomorphism po: T > End(U), for each a€T we 
define a linear operator Ee on m(U) by P 8 (u) = g(o(u)) for 

* 

gé«m(U) and u<¢U. Each Ee induces a linear operator P. 


on m(OY: given by P_v(g) = v(P 8) for ype mC) and g «€ m(U) 


LEMMA 3.3.3. If U and T are left amenable semigroups with 
a homomorphism p: T > Sur(U), then there exists $9 € M2(U) such 


k 
that P.? =q¢ for each a€T. 


* 
Proof. For each »€M(U) and a€T we have Piwe Me(U) 
since Pa 4s a homomorphism of U onto U (this follows from the 


proof that a homomorphic image of a left amenable semigroup is also 
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left amenable, given in Day [7, p. 515]). Moreover, since 

op: T + Sur(U) is a homomorphism, the map a-> oh is a representation 
of T in the set of linear mappings on Mf(U) . Since M2(U) is 
compact and convex in the est eeoneiees and since T is left 
amenable, by the fixed point theorem (Day [8, Thm. 6.1]) there exists 


x 
> € M2(U) with Pd => for each aET. 


PROPOSITION 3.3.4. If U and T are left amenable semigroups 


with a homomorphism o: T > Sur(U), then S =U ‘ T is left amenable. 


Proof. By the lemma above we can choose 9 € Mf(U) such that 
Pd = for each a€éT. For each f € m(S) define f € m(T) by 
f(a) = o(f.); where fo é€ m(U) is defined as f (a) = 7f(u,a) 
Choose v « M2(T) and define yu é CS a chy kG) — WES) see te 
easy to see that uw is a mean, and moreover we claim that u is 
left invariant. For -(v,b) € S and ae¢eT we have (Li py Da = 


bv ba 
£ (vp, (u) ,ba) = Eg (VP, (u)) = Petia (Y) . Thus (£0 py £) (a) = 


Petar since for any u € U, (£0, py fa = Loy py f(usad i 


o(PLf £4) = o(£,) = £L f(a) since Ph = db). and soe ts) Left 
invariant on U. Hence ule, 4 f) = v(Lo, yf) = v(£, £) = 
v(£) = u(£) since v is left invariant on T. Thus u © M(S), 


showing that S is left amenable. 


THE COUNTEREXAMPLE 3.3.5. Let U be the free abelian semigroup 
generated by the elements {u,]i = 0,1;2,...}, and let. T be the 
infinite cyclic semigroup with generator {a} . We define 
Os Laresur(U). eby p(u,) S508 Sivelo> ele and p(u,) =gUs 


Since U and T are cancellative abelian semigroups, by Lemma 3.3.2 
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and Proposition 3.3.4, the semigroup S = U i T is right cancellative 
and left amenable. However, since p(u,) “linn p,(4,) we have 
0(T) ¢ Inj(U), and hence §S is not left cancellative. 

Thus S is indeed a counterexample to Sorenson's conjecture, 
and by Theorem 3.2.2, S is also a left amenable semigroup which 
does not satisfy SFC. Corollary 3.3.11 will show that S is 
actually amenable since U and T are amenable, which shows that 
Sorenson's conjecture is still false when left amenable is replaced 
by amenable. We have not been able to construct a finitely generated 
counterexample by the method above, which raises the question of 


whether Sorenson's conjecture holds for finitely generated semigroups. 


REMARK 3.3.6. We give three examples of semidirect products of 
left amenable semigroups to illustrate the role that the condition 
po: T + Sur(U) plays in Proposition 3.3.4. The first example shows 
that the condition is not necessary to ensure left amenability of 


U " T, but examples (ii) and (iii) show that some condition is 


needed since neither op: T > End(U) nor p: T~> Inj(U) is sufficient. 


(i) Let U_ be any semigroup with at least two elements, in- 
cluding a zero element 0, and let T be the trivial semigroup 


{1} . Define € End(U) by p,(u) = 0 for each u€U. Then 


oy 
for any u,v € U we have (u,l)(v,1) = (0,1), thus U 3 T is left 
amenable, but since U has at least two elements Py ¢ Sur(U) . 
(ii) Let T be any amenable semigroup, and U any amenable 
semigroup of at least two elements and containing an identity e. 


We define p: T > End(U) by p,(u) =e for each a€éT and uweU. 


We have (u,a)(v,b) = (ue,ab) = (u,ab) for any (u,a),(v,b) € U _ Ta 
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Thus if u,v €U with u#v, we see that (u,a)(U % T) 1’) (v,a) (U ‘ TH) 
= > , which shows that U 2 T is not left amenable. 

(iii) Let U _ be the non-negative integers under addition, and 
let T be the infinite cyclic semigroup with generator {a}. Define 


Ome aint (Ue eby, p(y) = 2u for each u€U.. Now we see that 


(0,a) (U 4 T) = {(u,a2) fu even, j 2). Oe ee erand 


{(u,a?) |u odd.) 5 = 2,55 7a) a hus 


(1,a) (U s T) 
(0,a) (U - Dewi) CU * T) = » which shows that U , T is not 


left amenable. 


REMARK 3.3.7. Suppose S =U A T . Then we may add a two-sided 
identity to either U or T (or both) and extend the homomorphism 
0 in such a way that S contains a two-sided ideal of the new semi- 
direct product obtained. Let U° be the semigroup obtained by adding 
a two-sided identity e to U.. Then by defining 0°: T> End(U°) 
by p. (u) = p,(u) for u€U_ and p_ (e) =e for each a€T, we 
see that (u° ae T) (u,a) (U° Xo T) Genoa fOr each 6 (UU. a)e cuss. 
Similarly if T° is the semigroup obtained by adding a two-sided 
identity 1 to T, we define oe ile for each ae€ET and P4 = 
identity homomorphism on U. Once again we have 
(U Xo T°) (u,a) (U Xo T°) GS for each (u,a) é€S. 

This remark will be useful in the propositions which follow, 
since it is well-known (see Day [8, p. 12 (3L")] or Mitchell [25, 
Thm. 9]) that if A is a subsemigroup of B containing a two-sided 


ideal of B, then A is left [right] amenable if and only if B is 


left [right] amenable. 
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PROPOSTTION@3 23.0 eel Eee oe =a tl B T is left amenable, then U 


and T are left amenable. 


Proof. The map o: §S>T defined by o(u,a) = a is a homo- 
morphism from S onto T, which shows that T is left amenable. 

To show that U is left amenable, by Remark 3.3.7 we may assume 
without loss of generality that T has an identity 1 and that Py 
is the identity map on U. For each f£ € m(U) define f*~ € m(S) 
by f (u,a) = f(u) . Notice that for each v €U_ we have 


Lf)" 3 fe f~ since (£)" (u,a) = £ £(u) = f(vu) = f£~(vu,a) = 


(v5) 


ite # 
Sep i (u,a) . Choosing v € M2(S), we define yp E€m(U)~ by 
9 
u(f) = v(£™) . Actually ue M2(U) since u is clearly a mean, 


and uh £) = vk £)") = v(t fo) =80(£7) =Fn(£) 


(v,1) 


REMARK 3.3.9. The left invariant mean wu on U _ constructed 
in the above proof has the property Pi =p for each aeET, that 
is u(P£) = u(f) for each f € m(U), where Pf (u) = £(o,(u)) 

To see this, choose any u €U and notice that for f € m(U) we 


have (f Pf)” = Since di “vob)reU * T we have 


qe (a) a?’ 
(L Pf)" (vb) = £ Pit(v) = Pif(uv) = f(o,(u)pi(v)) = £™(p(u)o,(v) sab) 
= pegs le . Thus u(Pf) = u(f Pf) = v((l P.f)”) = 
ach era wiv Gtr) aauce)@. 


PROPOSITION 3.3.10. If U and T are right amenable semi- 
groups with a homomorphism op: T > End(U), then S =U _ T is 


right amenable. 


Proof. Choose $ € Mr(U) and v €Mr(T) . For each f € m(S) 
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we define fem(T) by the formula f(a) = o(f.); where f. € m(U) 

is defined by f(u) = f(u,a) for each a€T and ueéU. Now we 
* 2 

define wu € m(S) by u(f) = v(f£) for each f € m(S) . It is easy 


to check that for (v,b) € S we have d 


“pa = "> (v)fab? 9 


hence Saye = rf . Thus ee = Sa Se = v(r, £) Sel). 


Since u is also a mean on S, we see that S is right amenable. 


COROLLARY 3.3.11. If U and T are amenable semigroups with 


a homomorphism o: T > Sur(U), then S =U ns T is amenable. 
Proof. This is immediate from Propositions 3.3.4 and 3.3.10. 


PROROSTTLON SS 7 Sunbee, elt aso SSL, 3 T is right amenable then T 
is right amenable, and if in addition p: T > Aut(U) then U is 


right amenable also. 


Proof. As before T is a homomorphic image of S and hence 
right amenable. Now suppose p: T > Aut(U) . By Remark 3.3.7 we 
may assume that T has an identity 1 and that Py is the identity 
map on U. For f e€m(U) we define f~e m(S) by f£f(u,a) = 
£(e(u)), where ae denotes the inverse automorphism to Ps - 
Now for each v € U, we have (xf) (u,a) = £(p,” (u)v) = 
£(9, (up, (v))) = f “(up (v) 5a) = Toy yf (usa) . Choosing v € Mr(S) 
we define wu é€ m(U)” by Ct) VGre jer Siteie@easy to see that 1 


is a right invariant mean on U. 


COROLLARY 3.3.13. If 5S = U : T is amenable then T is amenable, 


and if in addition p: T > Aut(U), then U is also amenable. 
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Proof. This is immediate from Propositions 3.3.8 and 3.3.12. 


REMARK 3.3.14. We give two examples to show that the condition 
p: T + Aut(U) in Proposition 3.3.12 cannot be replaced by either 
o: T+ Sur(U) or p: T+ Inj(U) . Example (iii) shows that we 
cannot replace p: T + Aut(U) in Corollary 3.3.13 by p: T > End(U). 

(i) We construct a right amenable semigroup S = U ‘ T where 
ep: T > Sur(U), but U is not right amenable. Let U _ be the free 
semigroup on the generators sic et =" Ooi 2 tae ands letasl) sbesthe 
infinite cyclic semigroup generated by {a} . We define p: T > Sur(U) 
by p,(u,) = uU,_) fore eie> sland p,(u,) me ithe Since U is 
clearly not right amenable, all that remains to be shown is that S&S 
is right amenable. Actually we show that S satisfies the "right- 
sided" version of the strong Félner condition: (SFC_) For any 
finite subset FCS and e_> 0, there exists a finite subset 
AGS with |Ajf, As| < clA| for each sie F . 

Thus suppose F is a finite subset and e¢ > 0. Then there 


exists an integer N_ such that 
iP as 
{(p ya) 2%) | (usa) e F} Gaia. ee ya age k Nye 
a 


+N 
Choose M so that 2N/M < ce, and let A= {Ga ape < Msn.s M) 


Then for each Cian) € F it is easy to check that 


(uta) |x + 1< m,n < M} yuan ete 


2 
which shows that |A \ Nee < 2NM = (2N/M)M < elA| . 


(ii) We construct a right amenable semigroup S = U ‘ T where 
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Ot ins CU)eee but = Weeds not right amenable. Let U_. be the semi- 


group generated by the elements {u,,v, |i mae wal e WLEDE the 


tt 
(= 
& 
It 
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relations eee =v,u, = u,u, Lt and 
Givi VU ee VV oN eee Vee Tt =< tans ONOLLCe that: 

for each i, the semigroup generated by {u,,v,} is the free semi- 
group on two generators, and hence vu, Uv, =o . This shows that 
U is not right amenable. 

Let T be the infinite cyclic semigroup generated by {a}, 
and define op: T > Inj(U) by p(u,) = Usa) and p (v4) aired 
To see that S =U 5 T is right amenable we show that S_ satisfies 
SFC as in example (i) above. Suppose FCS is a finite subset 
and e€_>0O. Let N= sup{n| (u,a-) € F for some u € U}, and choose 
M so that N/M<e. Letting A= ((u,,a")[1 < k < M}, we see that 
for each (u,a’) € F we have A(u,a’) = {(u,,a") [1 <k <M} since 
4,9, (u) =u, Loriall uu €aUe, tAlsougsince  ni<iN\ = weshave 
|A\ A(u,a")| < N = (N/M) |A| < e[Al . 

(iii) We construct an amenable semigroup 5S = U ss T with 
o: T > End(U), such that U is not right amenable, hence not 
amenable. Let U = {u,v} where ve = vu =u _ and - =uv=v. 
We choose T to be the trivial semigroup {1}, and define 
o: T > End(U) by p, (u) = p, (v) =u. Clearly U is not right 
amenable since Uu/) Uv = $6. However (u,1l)(v,1) = (v,1)(u,1) 


which shows that S is abelian and hence amenable. 
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III.4 Semigroups satisfying the strong Félner condition 


From the counterexample constructed in 3.3.5 we know that the 
class of semigroups satisfying SFC is a proper subset of the class 
of left amenable semigroups. In this section we examine some of 
the properties of this class, generally following the line of results 


established for left amenable semigroups (see Day [7] and [8]). 


REMARK 3.4.1. By Lemma 3.2.1 and Theorem 3.2.2, in order to 
show that a particular left amenable semigroup S satisfies SFC, we 
need only show that whenever rs = rt for some r,s,t €S, there 


exists x €S with sx = tx. 


PROPOSITION 3.4.2. If S is a semigroup satisfying SFC with 
a subsemigroup T _ such that u(X_) > 0 for some wu € M2(S), then 


[eealsomsabisiies ohG. 


Proof. T is left amenable since u(Xp) > 0 (Day [7]). Suppose 
a,b,c € T with ab = ac. Since S satisfies SFC there exists 
x €S with bx =cx. Since u(X_) > 0 and ulx,.) = 1, TA xs 
is non-empty. Hence we can pick d¢TxS, and we have bd=cd. 


This shows that T satisfies SFC by Remark 3.4.1. 


It is not true, however, that every left amenable subsemigroup 
of a semigroup satisfying SFC must satisfy SFC. For example, consider 
a semigroup obtained by adding a two-sided zero to another semigroup 
which is left amenable but does not satisfy SFC. 

Recall from Section 1.4 that a subset T of S is said to be 


left thick in S if for every finite subset FCS, there exists 
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PROPOSITION 3.4.3. If T is a left thick subset of S such 


that T satisfies SFC, then S_ satisfies SFC. 


Proof. Let F be a finite subset of S and ¢>0O. Choose 


62> 0.) ysuch .that 


26 
1-6 <e¢. Since T is left thick there exists 
@.eer such that Fa C T.. Choose a finite subset..8 CT “such that 


|B \ aB| < 6|B| and |BN saB| < 6|B| for each s€F. Now we 


a 


see that |aB\ saB| < 26|B| < 26 (Ts 


B 
Bt) IB| < elapl . 


This proposition extends a result of Rajagopalan and Ramakrishnan 
[27, Thm. 22]. The next two results are stated without proof since 


their verification is routine. 


PROPOSITION 3.4.4. A finite direct product of semigroups which 


satisfy SFC also satisfies SFC . 


PROPOSITION 3.4.5. A directed union of semigroups which satisfy 


SFC also satisfies SFC. 


PROPOSITION 3.4.6. If U and T are semigroups which satisfy 
SFC with a homomorphism p: T > Aut(U), then S=U ; T satisfies 


SFC. 


Proof. S is left amenable by Proposition 3.3.4. Suppose there 
existe seta )nm (vs), pandme (Wac) seo ode aU * T with (u,a)(v,b) = 
-1 -1 
(u,a)(w,c) . Then up , (v) = up , (w) implies om (u)v = oe (u)w, 
and hence there exists y € U with vy = wy. Also ab = ac implies 


there exists dé€¢T with bd=cd. Since Pa is surjective and 
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PpPa = PPa we must have Dagens Thus we see that 


Cc 
(v,b) (on Cy) 5d) 


-l 
(vy,bd) = (wy,cd) = (w,c)(p Cy) .d) = 
-1 
(wc) Co, (y),d) . By Remark 3.4.1 we have shown that S$. satisfies 


SFC. 


Examples 3.3.5 and 3.3.6 (iii) show respectively that the 
condition p: T+ Aut(U) in the proposition above cannot be 


replaced by either p: I) + Sur(U)) “or o: Ti+sInj(U) 


PROPOSITIONS 354.7... Vlfi« Se=all 3 T satisfies SFC, then U and 


T also satisfy SFC. 


Proof. U and T are left amenable by Proposition 3.3.8. 
Moreover, Remark 3.3.7 combined with Propositions 3.4.2 and 3.4.3 
shows that we may assume that T has an identity 1 and that Py 
is the identity map on U. Suppose uv = uw for u,v,weEU. 


(u,1)(w,1), hence there exists (y,a) € S 


Then (u,1)(v,1) 


WLEleCy,) Cy ea) (w,l)(y,a) . From this we see vy = wy, which 


shows that U satisfies SFC. 

Now suppose ab = ac for a,b,c € T. Then (u,a)(u,b) = 
(u,a)(u,c) for any u€U, thus there exists (v,d) € S with 
(u,b) (v,d) = (u,c)(v,d) . Hence we have bd = cd, showing that 


T satisfies SFC. 


The question of whether homomorphic images of semigroups 
satisfying SFC also satisfy SFC is still open. An answer to this 
would be particularly interesting in view of the corresponding 
results for left amenable semigroups (yes, Day [7]) and left 


measurable semigroups (no, Sorenson [29]). 
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III.5 Left measurable semigroups 


; * 
For any semigroup S it is easy to see that a mean p € m(S) 


is left invariant if and only if u(x ai ) = u(X,) for each ACS 
s A 


and s €S§S. We say that a mean uy € ERY is left reversible 
invariant if W(Xsa) = H(X4) for each ACS and s €S, and 
denote the set of left reversible invariant means on S by RM&(S) 
If a semigroup S_ has a left reversible invariant mean we say that 
S is left measurable. This term arises from the obvious one-to-one 
correspondence between RML(S) and the set of left measures on S, 
i.e. the set of finitely additive measures 2 on S_ such that 
ACS) = 1 and A(sA) = A(A) for each seéS and ACS. Clearly 
every left measurable semigroup is left amenable since any left 
reversible invariant mean is left invariant, and also for left 
cancellative semigroups the conditions are equivalent. The terms 
right reversible invariant and right measurable are defined 
analogously. 

Sorenson investigated the properties of left measurable semi- 
groups in his thesis [29]. In particular he showed that every left 
measurable right cancellative semigroup is left cancellative [29, 
3.1.7]. The proof that follows in Theorem 3.5.1 is not the one that 
Sorenson gave, although he noticed that this type of proof was 


possible [29, Remarks on p. 57]. 


THEOREM 3.5.1. If S is a left measurable semigroup, then its 


right cancellative quotient semigroup S' is left cancellative. 
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Proof. Suppose S' is not left cancellative. Then by 
Lemma 3.2.1 there exist r,s,t € S such that rs = rt but sx # tx 
for each x€S. Let A= {AC S|sAM tA = 6}.. Then A#* ¢ 
since {x} ¢ 4 for each x eS. If we partially order “ by 
inclusion, it is easy to see that “A is chainable, thus by Zorn's 
lemma let A be a maximal element in “A. For each x € SNA 
we have either sx ¢« tA or tx € sA since sx # tx and A is 
maximal. Thus we may write S =AU S,U S, where sS, C tA and 


i 2 uy 


ES, CysaAy. ALE € = = 
5 u € RM£(S), we must have u(x,) W(X, 2 Wes ? 
1 


U(Xg ) and similarly u(x,) 2s ), which shows that u(X,) > Fz: 
it 2 a 
H = i = = = 
owever, rs = rt implies that u(x) WX 4? UCX(sautay? 
2u(X,)> and hence ulx,) = 0. By this contradiction we see that 


S' must be left cancellative. 


COROLLARY 3.5.2. If S is left measurable and right cancell- 


ative, then S is left cancellative. 


Proof. If S is right cancellative then S = S' . 


COROLLARY 3.5.3. Every left measurable semigroup satisfies 


SFC. 
Proof. This follows immediately from Theorems 3.2.2 and 3.5.1. 


It is not true that every semigroup which satisfies SFC is 
left measurable, since any semigroup with a zero element obviously 


satisfies SFC, but cannot be left measurable if it has more than 


one element. 
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We now state some of the properties of left measurable semi- 
groups obtained by Sorenson. 

(i) The homomorphic image of a left measurable semigroup is 
not necessarily left measurable [29, Example 1, $3.1]. 

(ii) A left ideal of a left measurable semigroup need not be 
left measurable [29, Example 2, 83.1]. 

(iii). A right ideal of a left measurable semigroup is left 
measurable [29, 3.1.2]. 

(iv) A finite direct product of left measurable semigroups 
is left measurable [29, 3.1.4]. 

(v) A directed union of left measurable semigroups is left 


measurable [29, 3.1.5]. 


The next lemma is useful in proving Propositions 3.5.5 and 
3.5.6, which look at the semidirect product in relation to left 
measurability, following the pattern of results established in 
Sections III.3 and III.4 for amenable semigroups and semigroups 


satisfying SFC respectively. 


LEMMA 3.5.4. A mean uw is left reversible invariant on a 
semigroup S if and only if uw is left invariant and U(X, )=1 
s 


for each s € S, where Z = {t € s|s {st} = (tii. 


Proof. Suppose yw € RMZ(S) and s€S. It is clear from 
the definition of Z5? that by using a Zorn's lemma argument we 
may write S NZ, = A, YU Ans where ALO A, = $ and sA, = sA, = 
s(S\ Z.) . This implies that aie = Noel = E(s\ze)D and 


also that UX gz )) = eke + ae Ve . From this we see that 
s 
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Now suppose that wu € M2(S) and U(X, ) = “tor each iste S) 
=F S$ 
For any set ACS _ we have 6 (sA) \ A) <6 ~ Za and hence 


ux \r22085. rh ( = = | a 
Sees us U(X. 4) Weir U(X) 


u¢ a HX 4) » which shows that uw is left reversible 


ae ) 
(s “(sA)\ A) 


invariant on S. 


Tiestirsts part otethis prootyis given! by SOrensonwim | 296 2ag.20 . 


Notice that for a left amenable semigroup S_ to be left 
measurable it must be "almost" left cancellative, in the sense that 


Z. must be left thick in S for each se S. 


PROPOSITION 3.5.5. If U and T are left measurable semi- 
groups with a homomorphism p: T > Aut(U), then S =U A Te eis 


left measurable. 


Proof. Recall that in Section III.3 we defined Ps m(U) > m(U) 


by Pfu) = f(o(u)), which induced a linear operator P 


Oo + + 


Since ike Aut(U), it is straightforward to show that P_ maps 
RM2(U) onto itself, and since RM(U) is compact and convex with 
respect to the weal “topology (Sorenson [29, 1.1.10]), once again 
we apply the fixed point theorem (Day [8, Thm. 6.1]) to obtain a 
left reversible invariant mean 4 on U_ such that P' =o for 
each a€éT. 

For each f € m(S) define fs é m(U) by £ = f(u,a), and 
define f €m(T) by f(a) = o(£,) . Choosing v € RM2(T) we define 


yu é mS) by u(f) = v(f) . From the proof of Proposition 3.3.4 we 


* 
on m(U) . 
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know that ue M£(S), thus by Lemma 3.5.4 we need only show that 


u(x ) =1 for each (u,a) € S. After noting that 


Rita) 


Lele = {(v,b)|ve Zz _ and b €Z_}, we see that 


(x ys = Xy if be Z_, and oo =a) ame 


Z 
(u,a) p. (u) (u,a) 


y 


be¢é Z : Since (x, ) = 1 by Lemma 3.5.4, we see that 


Xe =X ° Now we have U(X, )= V(X, )=1 by 
(u,a) a (u,a) a 


Lemma 3.5.4, as desired. 


It is not possible to replace the condition p: T > Aut(U) 
iiethiisspropositLionepy.citner so; te >esur tu), sor ps) > edn) (0). 


as is shown by the examples 3.3.5 and 3.3.6 (iii) respectively. 


PROPOSITION 87576. If S =U ‘ T is left measurable, then U 


and T are left measurable. 


Proof: Let v¢é RM&(S) . To see that U is left measurable, we 
define uU é “aie as in Proposition 3.8 by u(f) = v(f~), where 
foie. m(S) is defined by £ (u,a)"= £(u) for Gach £ em(U)". In 
the proof of Proposition 3.3.8 we saw that uw « M2(U), hence it 


suffices to show that u(x, )e=o lS forseach use.Us. se first econsider, 
u 


the set Z for some fixed aeéT . Now we have 
(o,(u) ,a) 


(Xz a > Xy , Since 1f v¢ Z there exists w#v_ with 
u (p (uv) a) 


uv = uw. Then for any beéT_ we have (ep (u) a) (v,b) = 


(p (u) a) (w,b) which shows that (v,b) ¢# 2(0 (u),a) for each) bee T = 
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Now we have 1 2 ux, )= v(x, Oh eee Ge ) =1 by 
= 7, 
u u (p (a) ,a) 
Lemma 3.5.4. 


Similarly, to see that T is left measurable we define 
ye m(T) by w(g) = v(g*), where g* e m(S) is defined by 
g*(u,a) = g(a) for each gem(T) . After checking that yp is a 
left invariant mean, we see that bX, J (= for each ~a <7T. 
a 


since (Xz Na 2 Xe FOL sony 2 Ue ee 
a (u,a) 


Combining the appropriate version of Lemma 3.5.4 for right 
reversible invariant means with Propositions 3.3.10 and 3.3.12, 


analogous arguments yield the following results: 


PROPOSITION 3.5.7. If U and T are right measurable semi- 
groups with a homomorphism o: T > End(U), then S = U ‘ ‘Ta S 


right measurable. 


PROPOSE DIONE S52. 620 lie S =aU x T is right measurable and 


o: T > Aut(U), then U and T are right measurable. 
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FOOTNOTES 


In Granirer's original theorem [14, p. 32], the condition "S 
contains exactly n disjoint finite groups which are left 
ideals" was stated as "S contains exactly n disjoint 
finite left ideal left cancellative groups" (a set ACS 

is said to be left ideal left cancellative if A is a left 
ideal7in’*S, and"whenever™ sa°-="sb" for "s*€°S° and a,b ©€ A, 
then a= b). However, as Granirer later noted, if G is 

a finite group with identity e, and also a left ideal in 

S, then for each s €S we have sG = s(eG) = (se)G = G, 


which implies that G is left ideal left cancellative. 


This result was brought to my attention by R. Sirois-Dumais. 
It is stated in a preprint 'Combinatorics" by K. Kunen. He 
has sent me the proof in a letter, mentioning that it was 


first obtained by Baumgartner in his Ph.D. thesis. 
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